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Modulated phases of graphene quantum Hall
polariton fluids
Francesco M.D. Pellegrino1, Vittorio Giovannetti1, Allan H. MacDonald2 & Marco Polini3
There is a growing experimental interest in coupling cavity photons to the cyclotron
resonance excitations of electron liquids in high-mobility semiconductor quantum wells or
graphene sheets. These media offer unique platforms to carry out fundamental studies of
exciton-polariton condensation and cavity quantum electrodynamics in a regime, in which
electron–electron interactions are expected to play a pivotal role. Here, focusing on graphene,
we present a theoretical study of the impact of electron–electron interactions on a quantum
Hall polariton fluid, that is a fluid of magneto-excitons resonantly coupled to cavity photons.
We show that electron–electron interactions are responsible for an instability of graphene
integer quantum Hall polariton fluids towards a modulated phase. We demonstrate that this
phase can be detected by measuring the collective excitation spectra, which is often at a
characteristic wave vector of the order of the inverse magnetic length.
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F
luids of exciton polaritons, composite particles resulting
from coupling between electron–hole pairs (excitons) in
semiconductors and cavity photons, have been intensively
investigated over the past decade1–3. Because of the light mass of
these quasi-particles, exciton-polariton fluids display macroscopic
quantum effects at standard cryogenic temperatures1–3, in stark
contrast to ultracold atomic gases. Starting from the discovery of
Bose–Einstein condensation of exciton polaritons in 2006 (ref. 4),
these fluids have been the subject of a large number of interesting
experimental studies exploring, among other phenomena,
superfluidity5,6, hydrodynamic effects7, Dirac cones in
honeycomb lattices8 and logic circuits with minimal dissipation9.
The isolation of graphene10—a two-dimensional (2D)
honeycomb crystal of carbon atoms—and other 2D atomic
crystals11 including transition metal dichalcogenides12,13 and
black phosphorus14, provides us with an enormously rich and
tunable platform to study light–matter interactions and excitonic
effects in 2D semimetals and semiconductors. Light–matter
interactions in graphene in particular have been extensively
explored over the past decade with both fundamental and applied
motivations14–18. Recent experimental advances have made it
possible to monolithically integrate graphene with optical
microcavities19,20, paving the way for fundamental studies of
cavity quantum electrodynamics at the nanometre scale with
graphene as the active medium. Progress has also been made
using an alternate approach applied previously to conventional
parabolic-band 2D electron liquids in semiconductor quantum
wells21 by coupling graphene excitations to the photonic modes
of a terahertz (THz) metamaterial formed by an array of split-ring
resonators22.
When an external magnetic field is applied to a 2D electron
liquid in a GaAs quantum well23 or a graphene sheet24,25, and
electron–electron (e–e) interactions are ignored, transitions
between states in full and empty Landau levels (LLs) are
dispersionless, mimicking the case of atomic transitions in a
gas. The cyclotron resonance of a 2D quantum Hall fluid can be
tuned to resonance with the photonic modes of a cavity or a THz
metamaterial21, thereby establishing the requirements for ‘cavity
quantum Hall electrodynamics’ (cQHED). Cavity photons have
already been used to carry out spectroscopic investigations of
fractional quantum Hall fluids26. cQHED phenomena present
several important twists on ideas from ordinary atom-based
cavity quantum electrodynamics because in this case, interactions
between medium excitations are strong and long ranged.
Furthermore the active medium can be engineered in
interesting ways, for example by using, instead of a single 2D
crystal, van der Waals heterostructures27–29 or vertical
heterostructures, which include both graphene sheets and
ordinary semiconductor quantum wells30,31.
In this article, we show that e–e interactions play a major
qualitative role in graphene-based cQHED. Before describing the
technical details of our calculations, let us briefly summarize the
logic of our approach. The complex many-particle system of
electrons in a magnetic field, interacting between themselves and
with cavity photons, is treated within two main approximations.
We use a quasi-equilibrium approach based on a microscopic
grand-canonical Hamiltonian and treat interactions at the mean-
field level. We critically comment on these approximations after
‘Results’ section. Our approach is similar to that used in refs 32–34,
except that simplifications associated with LL quantization allow
more steps in the calculation to be performed analytically.
The problem of finding the most energetically favourable state
of a graphene integer quantum Hall polariton fluid (QHPF) is
approached in a variational manner, by exploiting a factorized
many-particle wave function. The latter is written as a direct
product of a photon coherent state and a Bardeen–Cooper–
Schrieffer state of electron–hole pairs belonging to two adjacent
LLs. We find that e–e interactions are responsible for an
instability of the uniform exciton-polariton condensate state
towards a weakly modulated condensed state, which can be
probed experimentally by using light scattering. We therefore
calculate the collective excitation spectrum of the graphene QHPF
by employing the time-dependent Hartree–Fock approximation.
We demonstrate that the tendency to modulation driven by e–e
interactions reflects into the softening of a collective mode branch
at a characteristic wave vector of the order of the inverse magnetic
length.
Results
Effective model. We consider a graphene sheet in the presence of
a strong perpendicular magnetic field B ¼ Bẑ (refs 35,36). We
work in the Landau gauge with vector potential A0 ¼ Byx̂. The
magnetic field quantizes the massless Dirac fermion (MDF) linear




, which are labelled
by a band index l¼±, which distinguishes conduction





vD=‘B is the MDF cyclotron frequency35,36, vD ’ c=300









is the magnetic length.
The spectrum is particle–hole symmetric, that is, e ,n¼
 eþ ,n for each n. Each LL has macroscopic degeneracy
N ¼ Nf S=ð2p‘2BÞ  NfN f, where Nf¼ 4 is the spin-valley
degeneracy and S¼ L2 is the sample area.
In this article, we address the case of integer filling factors,
which we expect to be most accessible experimentally. Because of
particle–hole symmetry, we can assume without loss of generality
that the chemical potential lies in the conduction band between
the n¼M and n¼Mþ 1 LLs. When the energy ‘o of cavity
photons is nearly equal to the cyclotron transition energy








Þ, the full fermio-
nic Hilbert space can be effectively reduced to the conduction-
band doublet M,Mþ 1.
We introduce the following effective grand-canonical Hamil-
tonian:
H ¼ HphþHmatþHintmeNemXNX: ð1Þ







q;n (aq,n) creates (annihilates) a
cavity photon with wave vector q, circular polarization n¼ L,R




, kr being the cavity dielectric
constant and c the speed of light in vacuum.
The second term in equation (1), Hmat, is the matter
Hamiltonian, which describes the 2D MDF quantum Hall fluid,
and contains a term due to e–e interactions. This Hamiltonian is
carefully derived in the Supplementary Note 1. In brief, one starts
from the full microscopic Hamiltonian of a 2D MDF quantum
Hall fluid36, written in terms of electronic field operators cl,n,k,x.
Here, l¼± is a conduction/valence band index, n is a LL index,
k ¼  L=ð2‘2BÞþ ð2p=LÞj with j ¼ 1; . . . ;N f is the eigenvalue
of the x-direction magnetic translation operator, and x is a
fourfold index, which refers to valley (K,K’) and spin (m,k)
indices. All the terms that involve field operators cl,n,k,x, c
y
l;n;k;x
acting only on the conduction-band doublet M,Mþ 1 are then
treated in an exact fashion, while all other terms are treated at
leading order in the e–e interaction strength37.
The third term, Hint, describes interactions between electrons
and cavity photons, which we treat in the rotating wave
approximation. This means that in deriving Hint we retain only
terms that conserve the sum of the number of photons and the
number of matter excitations. Details can be found in
the Supplementary Note 2. It is parameterized by the following
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